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CENTERS OF F-PURITY 

KARL SCHWEDE 

Abstract. In this paper, we study a positive characteristic analogue of the centers of log 

canonicity of a pair (R, A). We call these analogues centers of F -purity. We prove positive 

^S . characteristic analogues of subadjunction-like results, prove new stronger subadjunction-like 

f^ ' results, and in some cases, lift these new results to characteristic zero. Using a generalization 

Cn I of centers of _F-purity which we call uniformly F -compatible ideals, we give a characterization 

^^' of the test ideal (which unifies several previous characterizations). Finally, in the case that 

Cd I A = 0, we show that uniformly F-compatible ideals coincide with the annihilators of the 

!F{E ]i{k))-suhniodu\cs oi Eji{k) as defined by Lyubeznik and Smith. 



O ' 1- Introduction 

In this paper, we study a positive characteristic analogue of centers of log canonicity, a 
notion from algebraic geometry. Centers of log canonicity are natural objects that appear 
in the study of the singularities of the minimal model program. These centers satisfy many 
(local) geometric properties (see for example |Amb98] and |Kaw98j ). We show that the pos- 
itive characteristic analogue of this notion, which we call centers of F -purity, satisfies these 
same geometric properties and, in some cases, vast generalizations of those local properties. 
■^ ' We then use reduction to characteristic p to lift some of these generalizations into character- 

y^ • istic zero. We also link centers of F-purity to a positive characteristic notion that has been 

studied before, annihilators of F-stable submodules of H^{R) (and their generalizations); 
also see |LS01j and Remark 13.131 
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O ' Consider a pair {X, A) where X is a normal affine scheme and A is an effective Q-Weil 

0|^ . divisor (that is a formal sum of prime Weil divisors with nonnegative rational coefficients) 

such that Kx + A is Q-Cartier (that is, some integer multiple is an integral Cartier divisor). 
The centers of log canonicity of a pair (X, A) are the (possibly non-closed) points Q G X 
/\ • where 

c^ ' • for every effective Q-Cartier divisor G passing through Q, the pair (X, A + G) does 

NOT have log canonical singularities at Q. 

In particular, one thinks of the divisor G as having very small (but positive) coefficients. 
Roughly speaking, the centers of log canonicity are the points where the singularities of the 
pair (X, A) are the most severe. See Section U^ for an alternate definition of centers of log 
canonicity. 

In positive characteristic, corresponding to the notion of log canonical pairs, there is a 
notion of (sharply) F-pure pairs (X, A) where X = Spec R, R is an F-finite normal domain 
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and A is a Q-divisor on X, |HW02] . Therefore, if one is looking for a positive characteristic 

analogue of centers of log canonicity for a pair {X, A) , it is natural to look for prime ideals 

Q G Spec R such that the pair {X, A + G) is not sharply F-pure at Q for any effective 

Q-Cartier divisor G that goes through Q. We formulate this condition slightly differently 

in Section HI In fact, we formulate it for triples {R, A, a.) where a, is a graded system of 

ideals (a, ■ a^ C ai+j); see |Har05j . However, one should note that the results in this paper 

are interesting even in the case that A = and ai = R for all i > 0. 

However, once one considers this notion in positive characteristic, it becomes clear that 

this condition is probably not the right condition to work with (although one can easily 

show that centers of log canonicity reduce generically, from characteristic zero, to become 

centers of F-purity). The right condition to consider (formulated in the case that A = 0) 

j_ j_ j_ 

is ideals I C R such that for any map : Rp" —>■ R, the submodule Ip" C Rp" is sent into 

/ (that is, (J){Ip^) C /), see Section [3l We call ideals that satisfy this condition uniformly 
F -compatible. The reason for this name is to remind readers of the connection to the notion 
of compatibly F-split ideals of Mehta and Ramanathan, |MR85] . In particular, for an F-pure 
ring, uniformly F-compatible ideals are compatibly F-split. As implied above, the prime 
uniformly F-compatible ideals are precisely the centers of F-purity. 
There are several ways to characterize uniformly F-compatible ideals: 

Lemma 15.11 Proposition 13.111 Suppose that {S, m) is an F -finite regular local ring 
of prime characteristic and that R = S/I is a quotient. Suppose that J' G S is an ideal 
containing I and that J = J' /I C R. Finally let Er denote the injective hull of the residue 
field. Then the following are equivalent: 

(a) J is uniformly F-compatible. 

(b) For every e > and every f E J , the composition 





Anns J, (J) = 


~ Er/j ■' 


■En- 


^En 


®i? 


R^ 


5- 


Er 


®i? 


i?^ 


is 
Fc 


zero. 

)r every e > we 


have (/[P'] : 


:/)C 


(j'bl : 


J'). 













Characterization (b) generalizes to the contexts of triples (i?. A, a,), and characterization 
(c) generalizes to the context of pairs {R, a,). 

As it turns out, the notion of uniformly F-compatible ideals has been studied by Smith 
and Lyubeznik before, but in a dual context (and not for pairs or triples). In particular, in 
the case of a complete local ring {R, m) with injective hull of the residue field E = E{R/m), 
uniformly F-compatible ideals correspond to the jF(F)-submodules of E. For details see 
[LSOll Proposition 5.2] where they characterize the annihilators of jF(F)-submodules of E 
by condition (c) above. The notion "jF(F)-submodules of F" is a generalization of Frobenius 
stable submodules of H^{R); see |Smi97j . 

The question of whether there are only finitely many F-stable submodules of H^{R) has 
been recently studied in |Sha07] and also in |EH08] . Using their techniques, it immediately 
follows that there are only finitely many uniformly F-compatible ideals associated to a triple 
(-R, A, a.) if i? is a local ring; see Section O 

In characteristic zero, there are a number of theorems related to centers of log canon- 
icity that go under the heading of subadj unction. In Section [7| we prove analogues (and 
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in some cases vast generalizations) of these results for centers of F-purity (and uniformly 
F-compatible ideals). In particular, we show that a center of F-purity of maximal height 
(as an ideal) automatically cuts out a strongly F-regular scheme; compare with Kawamata's 
subadjunction theorem, [Kaw98j . In fact, in a reduced F-finite F-pure local ring, the center 
of F-purity of maximal height is the splitting prime as defined by Aberbach and Enescu; see 
|AE05j . We also prove the following theorem: 

Theorem 17.11 Suppose that [R, A, a.) is sharply F-pure. Then any (scheme-theoretic) 
finite union of centers of sharp F-purity for {R, A, a.) form an F-pure subscheme. 

An analogous (but much weaker) result in characteristic zero is that, for a log canonical 
pair, any (scheme-theoretic) union of centers of log canonicity form a seminormal scheme; 
see jAmb98j . When we lift Theorem 17. II to characteristic zero we obtain the following. 

Corollary 17.31 Suppose {X,A) is a pair over C and Kx + /S. is Q-Cartier. If (X, A) is 
of dense sharply F-pure type, a class of singularities conjecturally equivalent to being (semi- 
)log canonical, then any (scheme-theoretic) union of centers of log canonicity also has dense 
F-pure type. In particular, any such union has Du Bois singularities. 

We also show that several common ideals are uniformly F-compatible. In particular, we 
show that the conductor ideal is uniformly F-compatible; see Proposition I7.10[ A result 
of Enescu and Hochster implies that annihilators of F-stable submodules of H^{R) are 
uniformly F-compatible; see Remark 15.41 and |EH08[ Theorem 4.1]. Furthermore, test ideals 
(both finitistic and non-finitistic/big; see Section 12. 2p are uniformly F-compatible. In fact 
we can say more: 

Theorem 16.31 Given a triple (R, A, o,), the non-finitistic test ideal Tb{A, a,) is the smallest 
uniformly (A, a,, F)- compatible ideal whose intersection with R° is non-empty. 



In the case where A = and ai = R for all R, the previous result was proven in 
although it was phrased in the dual language. On the other hand, in the case that R is 
regular, A = and a^ = b^**^ (for some ideal b and positive real number t), the previous 
result is very closely related to the characterization of the test ideal given in [BMSOSj . Finally, 
using the technique of Hara and Watanabe, see |HW02j . we also show that multiplier ideals 
(as well as adjoint ideals and many other related constructions) are uniformly F-compatible; 
see Theorem |6l 
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2. Definitions and notations 

All rings will be assumed to be noetherian and excellent. If i? is a reduced ring, then R° 
is defined to be the set of elements of R not contained in any minimal primes of R. Unless 
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otherwise specified, rings will be assumed to have characteristic p (that is, they contain a 

field of characteristic p > 0). 

If i? is a ring of characteristic p, we use F'^ : R ^ R to denote the e-iterated Frobenius 

(ie. p'^th power) map. We also use '^R to denote R viewed as an i?-module via the e-iterated 

1 
action of Frobenius. If R is reduced, then ^R can also be viewed as i?*'" . If we set X = Spec R 

and abuse notation to let F'^ : X ^ X to denote the dual map of schemes, then it is harmless 

to identify "^R with (the global sections of) F^Ox- We will usually write F^R instead of ^i? 

(especially when dealing with divisors on X). 

Definition 2.1. A ring R of characteristic p > is called F-finite if ^R is finite as an 
i?-module. 

Remark 2.2. Throughout this paper, all rings of positive characteristic will be assumed to 
be F-finite. 

Assume i? is a ring of positive characteristic. If M is a F^'^i^-module and if a C -R is 

an ideal, then we will use F^aM to denote the module corresponding to multiplication by 

the elements of a, thought of as elements of F^R. Alternately, if we think of M as an 

1 1 

i^p" -module, then F^aM corresponds to ap" M. 

2.1. Positive Characteristic Triples. Suppose i? is a ring. A graded system of ideals a, 
is a collection of ideals aj for integers i > such that ajOj C aj+j. A common class of graded 
systems of ideals is a^**^ where t is a positive real number. Notice that 

(2.1.1) a^^'^a^'^^ = 0^*^^+^*^'^ C a^'('+3^\ 

Other important classes are products of the above construction HjO^ ^ and symbolic powers 
of prime ideals P, Oj = P^^\ 

Historically, the second object of a "pair" was an effective Q-Weil divisor A (that is, a 
formal sum of prime Weil divisors with nonnegative rational coefficients). Furthermore, it 
was assumed that Kx + A was Q-Cartier, a hypothesis that we will not generally need. For 
the basics of Weil divisors and refiexive sheaves, please see |Har94j . If X = Speci? and D is 
a divisor on X, then we will use R{D) to denote the global sections of Ox{F>)- 

Definition 2.3. A triple {R, A, a,) is the combined information of a reduced ring R, an 
effective M-divisor A on X = Speci? and a graded system of ideals ai ^ R satisfying the 
following conditions: 

(a) If A 7^ then i? is a normal domain. 

(b) ao = R. 

(c) Uj n i?° 7^ for all i (equivalently, aiHR" ^ 0) 

If A = 0, we will use {R, o,) to denote {R, A, a,). Likewise if a^ = -R for all i, then we will 
use {R, A) to denote {R, A, a,). 

Remark 2.4. Roughly speaking, what condition (a) says is that if we want to work with 
divisors, then we assume that R is normal. 

Remark 2.5. While it might seem more complicated to work with triples involving graded 
systems of ideals a,, instead of triples {R, A, a*), this greater generality actually simplifies 
many arguments. This is because for pairs {R,a^), one repeatedly must make, in various 
guises, the rounding argument made in equation 12.1.11 
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Definition 2.6. If 5* is an i?-algebra, and a, is a graded system of ideals in i?, then we will 
use a,S to denote the graded system {ajS'}j>o. 

Definition 2.7. |Sch08j . [HarOSl Definition 2.7], |Tak04aj . |HW02j . |HR76j Suppose R is 
an F-finite ring of characteristic p > 0. A triple [R, A, a.) is called sharply F-pure if, for a 
single e > 0, there exists an element d G ape_i such that the composition 

e := F^t o {F:{xd)) oF':R F^r""-^ F^R F-M\{p- - l)Al) 

splits as a map of i?-modules. Here i denotes the inclusion R -^ R{ [(p'^ — 1) A] ) and F^{xd) 
denotes the multiplication of F^'^i?- modules by d (ie, F^{xd) corresponds to the multiplication 
by rfp" if we view F^R as Rp^ ). 

Lemma 2.8. |Sch08| Proposition 3.3] Suppose that for some e > and some d G dpe-i, the 
map C,e '■ R ^ F^Rilip'^ — 1)A]), which sends 1 to d, splits. Then for all positive integers n, 
there exists dn G Qpne^i such that the map 

R^FrR{\{p^^-l)A-]) 

which sends 1 to dn, splits. 

The proof is essentially the same as in [SchOSj . 

Proof. Let us use ipe '■ F^R{\{p^ — 1)A]) ^ R to denote the sphtting of ^e- Notice that if 
we apply Homj^(i?(— [(p^ — 1)A]), ) to the map ipe we obtain a map 

F:Rip'^\ip^ - 1)A1 + \ip^ - 1)A1) ^ Ri\ip^ - 1)A1) 

which sends d to 1 (at least at the level of the total field of fractions), compare with |Tak04bt 
Proof of Lemma 2.5]. Since 

p^\{p^ - 1)A1 + \ip^ - 1)A1 > \ip'^ - 1)A1 

we obtain a map 

^,:F:R{\{p'^-l)A])^R{\if-l)A]) 

which also sends d to 1. 

We then apply the functor F^ to this map and compose with ipe- This gives us a splitting 

for the map 

6e:i?-Ffi?(r(/^-l)Al) 

which sends 1 to d^^'^. 

By repeating this process we obtain a splitting for the map R — > F"^i?([(p"'^ — 1)A]) 
which sends 1 to rf' = rf^"*"^""' '"^ " ". Therefore, it is sufficient to show that d' G apne_i. 
However, d' G (ape_i)^+P"+-+P ""' ' C a(pe_i)(i+pe+...+p(n-i)e) = apn._i. D 

Remark 2.9. Given a pair {R, A) as above, one can construct a family of ideals a, as follows: 
Set an = -R(— [nA]). Note that if A is an integral prime divisor, then a„ is simply the nth 
symbolic power of the defining ideal of A. Thus it might be tempting to try to absorb the 
A into the graded system of ideals a,; however, I do not know if this is possible. 

If the pair {R, a,), with a„ = R{—\nA]), is sharply F-pure, then so is the pair {R, A). 
In fact, if {R, a,) is sharply F-pure, then for infinitely many e > 0, there exists a Cartier 
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divisor D > [(p^ — 1)A] such that the map R -^ F^R{D) sphts. Exphcitly, the divisor D is 
div{d) where d is the element d G ape_i along which the map splits. 

However, I do not know if the converse holds. That is, I do not know if {R, A) being 
sharply F-pure implies that the corresponding {R, a.) is sharply F-pure. 

Definition 2.10. |MR85l Definition 3] Suppose that R is a. reduced F-finite ring and that 
/ C i? is an ideal. We say that R is compatibly F -split along I if for some e > there exists 
a map ip such that 

R^^F^R^L^R 

the composition is the identity and we also have ip {F^{I)) C /. 

Definition 2.11. |HW02j . [HarOSj . |Tak04a] Suppose R is an F-finite ring of characteristic 
p > 0. A triple [R, A, a,) is called strongly F-regular if, for every c & R° there exists e > 
(equivalently infinitely many e > 0) and an element d G (Xpe^i such that the map 

R >-F:R{\{p--1)K\) 

which sends 1 to cd, splits as a map of i?-modules. 

The following criterion for strong F-regularity is also very useful. 

Lemma 2.12. [HH941 Theorem 5.9(a)] Suppose that (/?, A,a,) is a triple. Further suppose 
there exists an element c E R° such that: 

(i) There exists an e > and some f G ape_i so that the map 

R ^F:R{\{p''-1)A]) 

which sends 1 to of , splits. 
(ii) The triple {Rc,A\specRcy^»Rc) is strongly F-regular (here Re is used to denote the 
localization at c). 

Then {R, A, a,) is also strongly F-regular. 

Proof. First note that by hypothesis (i), it is easy to see that the localization map R ^ Re = 
R[c~^] is injective. Now fix c' G R°. By hypothesis (ii), we can find an e" so that there exists 
g' G {ape"_iRc) giving us a splitting : F^ Rc{\{p'^ — l)A|spcci?cl) ~^ Re which sends c'g' to 

1. Notice, that we can write g' as g' = g/c'^^' with g G cipe"^i so that sends c'g to c'' (all 
of these elements are viewed in the total field of fractions). This (p must be a localization of 
some ip : F^ R{\{p^ — 1)A]) — > R which sends c'g to c"* for some m > 0. Without loss of 
generality, since making m larger is harmless, we may assume that m = p^"~^>^ + ■ ■ ■ H-p"^ + 1 
where e is the number guaranteed by hypothesis (i) so that ip sends c'g to c^ " '=+--+p'=+i_ 

Note that h = f^" "+■■■+^^+1 ^ apne_i as in the proof of Lemma 12. 8[ Since ip is an R- 
homomorphism, we see that ip sends h^" c'g to hc^" ''4--+p'=+i _ (^fcy" ^+---+p''+i_ Now 
apply the functor Hom/j(_R(— [(p"*^ — 1)A]), ) to tp. This induces a map 

vl/ : Ff i?([(p-+'=" - 1)A1) -. F:"R{\{f" - 1)A1 +/'r(p"'^ - 1)A1) ^ R{\{p''^ - 1)A1) 

which sends h^" d g to /ic^ " ''"' ^p^+i. 



Consider the splitting guaranteed by hypothesis (i). Via composition, just as in the proof 
of Lemma [278| we obtain a map 6 : F"^i?([(p"'^ — 1)A]) -^ R which sends (/c)^ " ''+---+p^+^ 
to 1. 

We then apply FJ^"^ to ^ and compose with 9. Therefore, we obtain a map 

Ff+^^R{ [(p-+-" - 1) A] ) F:^R{ \{p^^ - 1) A] ) ^- R 

II II 

which sends d gW'" to 1. Thus, it is sufficient to show that ghP^ G apne+e"_i. But that is 

easy since 

e" 

gh e Clpe"(pne_l)ape"_l ^ Ope" (^n^ _l) + (pe" _1) = Opue+e".!. 

as desired. D 

Example 2.13. |LRPTn6l Lemma 1.1], |HWn2j Suppose (X, A) is a pair and that A is 
a reduced integral divisor. Further suppose that (X, A) is F-pure. We wish to apply the 
(natural transformation of) functors J^omx{Ox{^), ) -^ ^omx((9x, ) to a splitting 

Ox F,'Ox F^Oxiip' - 1)A) Ox. 

Since X is normal, J^om.x{Ox{^), Ox) — Ox{—^)- Let us now consider the sheaf 

J^omxiOxiA),F:Oxi{p' - 1)A)). 
Note that 

jeomx{OxiA),F:Oxiip' - 1)A)) ^ F:jromx((F^)*Ox(A), Ox((p^ - 1)A)) 

= F:^om(0x(/A), Oxiip' - 1) A)) ^ F:Ox{-A) 

where the first isomorphism is just adjointness, and the second and third occur because 
Ox{{p'^ — 1)A) is refiexive and all the sheaves agree in codimension 1. Similarly, we have 
J^oinx{Ox{^), F^Ox) — F^Oxi—p"^^)- These observations, taken together, give us a 
commutative diagram 

Ox{-A) F:Ox{-p'A) F^OxhA) Ox{-A) 



Ox F^Ox F^Oxiip' - 1)A) Ox 

where the vertical arrows simply correspond to the natural inclusions of sheaves. Thus one 
can conclude that if {X, A) is F-pure, then there exists a splitting 

Oxi-A) F:Oxi-A) Oxi-A) 

compatible with some splitting of Ox- Conversely, if there exists such a splitting, then by 
applying J^om.x{Ox{—A), ) we can conclude that (X, A) is F-pure. 

2.2. "Big" test ideals. In a course taught at the University of Michigan in Fall 2007, 
Mel Hochster worked out the theory of "big test elements" and "big test ideals". Roughly 
speaking, the big test elements are those elements of R° that multiply the (non-finitistic) 
tight closure of any module into itself. From one point of view, this theory has been explored 
by Smith and Lyubeznik |LS01j and also by Takagi and Hara [HT04J when they were studying 
the object t{R) := Ann/j(0^ ) but 1 do not know of a reference where Hochster's point of 
view is worked out. 
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Definition 2.14. |Tak04bj . |HY03j . |Har05j . |HH90j Suppose R is an F-finite reduced ring, 
X = Speci? and (X, A, a.) is a triple. Furtlier suppose tliat M is a (possibly non-finitely 
generated) i?-niodule and that A^ is a submodule of M. We say that an element 2; G M is in 
the (A, a,) -tight closure of N in M, denoted A''^^ '"*, if there exists an element c G R° such 
that, for all e ^ and all a G cipe_i, the image of z via the map 

F!i o F^{xca) o F^ -.M ^ M 0r F^R ^-^'M ®r F^R ^ M ®r F^R{ \{p^ - 1)A] ) 

is contained in N^^j , where we define N'^ to be the image oi N0jiF^R{ \{p^ — 1) A] ) inside 
M ®R F^RIKp'^ — 1)A]). For convenience, we use caz^" to denote F^i o F^{xca) o F^(z). 

Remark 2.15. Notice that the composition in the previous definition is obtained by simply 
taking the map C, '■ R —>^ F^'^i?([(p'^ — 1)A]) which sends 1 to ca, and then tensoring with M. 

Definition 2.16. |Hoc07l Lecture of September 17th] An element c G i? is called a big sharp 
test multiplier for the triple {R, A, a,) if for all u G N^^ '"*, all e > and all a G ap^^i one 
has cazP' = {F^i o F^{xca) o F'=)(m) g n]^P^. 

We say that such a c is a big sharp test element if, in addition, c ^ R°. 

We now show that big sharp test elements in this generality always exist, see |HH94t 
Theorem 5.9], |HY03j and |Tak04bj . 

Lemma 2.17. // (i?. A, a,) is a triple, then there exists a big sharp test element for the 
triple. 

Proof. Because R is reduced, we can choose an element c E R° such that the localized 
triple (i?c, A I Spec iJc) (d-Rc).) is regular (in particular (ai?c)i = Re for all i). Then, using the 
standard arguments on the existence of test elements, for all d E R° and all sufficiently large 
and divisible /c, there exists ak G Ot.pk_i and a map (p : F^R{\{p^ — 1)A]) -^ R such that 
(f>{dak) = c"^ for some fixed m (note that m does not depend on d). 

Now suppose that z G A^^^ '"*. Thus we know that there exists d E R° and A; > such 

that da.p^+k_izP C N^^.^ for all e > 0. Without loss of generality, we may assume the 
k gives a map (such that 4>{dak) = c™ for some a^ G apk_i) for this fixed d as in the first 
paragraph of the proof. 

Now, for each e > 0, induces a map 

0e : F:+'R{\{p^+' - 1)A1) ^ F:R{\{p^ - 1)A1) 

such that (f){dak) = c'" at the level of the total field of fractions. We can tensor these maps 
with both M and A^ to obtain the following F^'^i^-linear diagram of maps 



M ®R F:+^R{ \{p^+^ - 1) A] ) -^ M ®H F:R{ \{p' - 1) A] ) 

Notice that we labeled the bottom horizontal arrow ipe- 
Now, notice that 

"Ci^e_iafc-2 ^ dape_iapk^iz'^ C dape+k_iz'^ C N]^^ ' 
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Therefore, when we apply ^e, we see that c'^ape_izP'' = il)e{d<Xpe_iakZ^'' ) C A^j^ for all 
e > by the commutativity of the above diagram. This implies that c™ is a big sharp test 
element, as desired. D 

Remark 2.18. In the above proof, we can certainly choose c such that c G Oi fl i?° and such 
that the support of div(c) contains the support of A. In that case. Re is regular (and the 
terms a, and A essentially go away). I then claim that c™/l is still a big sharp test element 
after localization at any multiplicative subset W . 

Now, for any d G (W^~^-R)°, it is well known to experts that there is a rf' G -R° such 
that d' / s = d for some s E W (see for example |Hoc07l Page 57]). Alternately, if i? is a 
domain, then the statement is obvious. Therefore, for each d G {W~^R)°, at least in terms 
of testing tight closure, we may assume that d = d'/l for d' G R°. Thus, we may take 
the map : F!^R{\{p^ — 1)A]) -^ R such that (p^dak) = c™ for some a^ G apk_i and then 
localize at the multiplicative subset W. The proof that c"^/l is a big sharp test element for 
{W~^R, A\specw-^R, {aW~^R),) then follows just as above. 

Definition 2.19. The set of sharp test multipliers for the triple (i?. A, a.) form an ideal, 
which we call the big test ideal, and denote by T{,(A, a,). 

As mentioned before, there is another non-finitistic "test-ideal" which has been heavily 
studied in the last decade; see for example [LSOlJ or [HT04J . This test ideal, usually denoted 
by r(A, a,), is obtained by taking the annihilator of the (A, a,)-tight closure of zero in the 
injective hull of the residue field (assuming i? is a local ring). In |Hoc07l Lecture of November 
30th], Hochster shows that r(-R) = Tb{R) (also compare with |HH90i Proposition 8.23(c)]). 
However, Hochster's approach doesn't work in the case of triples [R, A, a,), so techniques of 
Takagi will be employed instead. One should note that Hochster's argument does go through 
essentially unchanged for pairs {R, a,) 

We would like to prove that Tf,{A, a.) = t(A, a.) := Ann^(0^^''^*). The difficulty is that 
when working with tight closure of pairs (X, A), one does not have an analogue of the easy 

fact {N^ )m<s, f^r — ^M (there is a map, but it goes the "wrong way" for our purposes). 
Shunsuke Takagi has explained to me an alternate way around this problem, and what is 
recorded for the rest of the subsection is his argument. 
First we recall the following result of Hara and Takagi. 

Lemma 2.20. |HT04t Lemma 2.1] Suppose that (-R, m) is an F -finite local ring of char- 
acteristic p > and that X = Spec-R. Further suppose that (X, A,a,) is a triple. Fix 
a system of generators Xi ,...,XrJ of ape_i for each e > 0. Then an element c G R 
is contained in r(A, o.) := Annij(0^ '"*) if and only if, for some (equivalently any) big 
sharp test element d a R° there exists an integer ei > and there exist R-homomorphisms 
(pf^ G }loYiiR{F^R\{p^ - 1)A] ,R) for 0<e<ei andl<i<re such that 

(2.20.1) c=f2f2<Pf^{dxf^). 

e=0 1=1 

Proof. The proof is the same as |HT04l Lemma 2.1], also compare with |Tak08j . D 

Remark 2.21. Fix a multiplicative system W. By Remark |2.18[ we can construct a big sharp 
test element d for {R, A, a.) such that d/1 is simultaneously a big sharp test element for 
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(W~^R, AlspecW-^R, {(i.(W~^R)),). Thus, working with that big sharp test element and the 
above lemma, it is easy to see that the construction of the ideal t(A, a,) commutes with 
localization since there are only finitely many conditions to check and since Hom commutes 
with localization. This is what is done in [HT041 Proposition 3.1] (note one does need the 
existence of some form of test elements that localize). 

Therefore, it is natural to use the characterization of the previous lemma to define t(A, a.) 
in the case that R is not a local ring (at least assuming you fix (i to be a big sharp test element 
as constructed in Remark 12.181 and Lemma 12.171) . 

We are now in a position to explain Takagi's argument relating Tf,(A) with t(A). Because 
I do not know of a reference where this is published, I include the argument below. Also 
compare with [Hoc07t Lecture of November 30th] and |HH90l Proposition 8.23(c)]. 

Theorem 2.22. Suppose that R is a ring of positive characteristic, and that {R, A, a,) is a 
triple, in particular R is F -finite. Then r(,(A, a,) = t(A, o,). 

The following argument is due to Shunsuke Takagi. 

Proof. Since the containment C is obvious, let us choose c G t(A, a,) and also fix e > 0. Fix 
A^ C M to be a containment of i?-modules and suppose that z G A^^^ '"'' . Thus for any big 

sharp test element d G R°, we have that daz^" G N^ for all e' > and all a G a e'_i. Fix 

a system of generators x[ , . . . , XrJ of a^fc^i for each A; > 0. By Lemma I2.20[ there exists 

ei > and maps ^f^ G }iomR{F^ R{\ {p'' - l)A]),i?) for < /c < ei and I < i < Vk such 
that 

k=0 i=l 

Each (pi induces a map 

F:+'R{\{p^+' - 1)A1) ^ F:R{\{p^ - 1)A1), 

compare with |Tak04bl Proof of Lemma 2.5]. We can tensor this map with both M and A^ 
to obtain the following F^R-linear diagram of maps 

M 0R F:+''R{\{p^+'' - 1)A]) ^- M 0R F^R{\{p' - 1)A1) 

Notice that we labeled the bottom horizontal arrow ipl . 

Now fix an arbitrary a G ape_i and note that ■j/^j '^ sends dxi a^ z'p" to cpi {dx\ )az'P'' . 
But also observe that 



(K) p" p" ^ 

Xj Qj G Clr,fc_]^Cl^e_l — Q-pfc _]^ ClTye+fc_pfc ^ d^e + fc ]^ . 

+k ^ 

this implies that 



Thus, dx\ a^ z^ ^ G N^j since e + k > 0. By the commutativity of the above diagram. 



10 



Therefore, we obtain that 






cazP' = J2Y1 <Pf\dxr)az^^ e NfP'' for all e > 

A;=0 i=l 

as desired. D 

We also obtain the following corollary (which is straightforward to prove directly in the 
case of a pair (i?, a,) or in the classical (non-pair) setting). 

Corollary 2.23. Suppose that R is a ring, X = Speci? and that {X, A, a,) is a pair. Then 
r5(A, a,) = flATCAf (^ • ^M '"*) where the intersection runs over all R-modules N C M. 

Proof. It is clear that rfe(A, a.) C nArcM(^ • -^1/ '°*)- O^ ^^^ other hand, nArcM(^ • 

iv;;f'-)c?(A,a.). " " n 

Remark 2.24. Using the same arguments as in [HT041 Proposition 3.1, Proposition 3.2] (at 
least once one has a big sharp test element that is still a big sharp test element after local- 
ization and completion), one sees that the formation of 'r;,(A, a,) whose formation commutes 
with localization and completion. 

2.3. Characteristic zero singularities. In this subsection, we give a brief description of 
log canonical singularities and centers of log canonicity. For a more complete introduction, 
please see |Kol97] or |KM98j . We will work with pairs {X = Speci?, A) in the characteristic 
zero setting. 

Suppose that {X, A) is a pair such that X is a normal affine scheme of finite type over a 
field of characteristic zero and Kx + A is Q-Cartier. By a log resolution of {X, A), we mean 
a proper birational morphism it : X ^ X that satisfies the following conditions, 
(i) vr is proper and birational, 

(ii) X is smooth, 

(iii) The support of the divisor tt^^A is a smooth subscheme of X (see |KM98j for more 
discussion of vr^^A, the strict transform of A), 

(iv) The divisor Supp(7r*A) U exc(7r) has simple normal crossings. 
Log resolutions always exist if X is of finite type over a field of characteristic zero by |Hir64j . 
After picking such a log resolution ir : X ^ X, we can fix a canonical divisor K^ on 
X and we may assume (by changing Kx within its linear equivalence class if needed) that 
7r*i^jj = Kx- Since Kx + A is Q-Cartier, there exists an integer m > such that m{Kx + A) 
is Cartier, and so we use the notation 7r*{Kx + A) to denote the Q-divisor —7i*{m{Kx + A)). 
Thus we can write 

n 

K^ = 7i*{Kx + A) + Y.''i^i 

i 

where the E^ are exceptional divisors or components of the strict transform tt^^ A, and the Oj 
are rational numbers. The Q-divisor ^" aiEi is independent of the choice of representative 
for K^. 

Definition 2.25. We say that a pair (X, A) (as above, with Kx + A Q-Cartier) has log 
canonical singularities if, for every (equivalently for a single) log resolution, the numbers a^, 
which are called discrepancies, are all bigger than or equal to —1. If all the discrepancies are 
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strictly bigger than —1 (which imphes that [AJ = 0), then we say that (X, A) is Kawamata 
log terminal. 

Definition 2.26. Given a pair (X, A) as above, we say that a (possibly non-closed) point 
P G X is a center of log canonicity for (X, A) (or equivalently, a log canonical center for 
(X, A)) if there exists a log resolution vr and an divisor Ei on X dominating P and such that 
the coefficient a^ of E^ satisfies Oj < —1. 

Remark 2.27. As stated in the introduction, it is not difficult to see that a (possibly non- 
closed) point Q G X = Spec R is center of log canonicity for (X, A) if and only if for every 
f E R° and every rational e > 0, one has that the localized pair (Xg, Ag + e div(/)Q), is not 
log canonical. It is this characterization that we will use to inspire our characteristic p > 
analogue of centers of log canonicity. 

Remark 2.28. Notice that (X, A) is Kawamata log terminal if and only if it contains no 
centers of log canonicity. 

Remark 2.29. In many cases, centers of log canonicity are only defined for log canonical pairs, 
in which case the requirement of Definition 12.261 reduces to Oj = — 1 (instead of Oj < —1). 

Remark 2.30. A large amount of the interest in these singularities has been under the hy- 
pothesis that X is projective (and not affine). In this paper however, we restrict ourselves 
to the affine case. 

There is a further generalization of log canonical singularities (without the normality 
hypothesis) that we will need. 

Definition 2.31. [KSB88J . IK+92L [KSS08J Let X be an reduced affine seminormal S2 
scheme and set D to be the effective divisor of the conductor ideal on X^ (the normalization 
of X). Note that D is a reduced divisor by |GT80l Lemma 7.4] and |Tra70t Lemma 1.3]. We 
say that X has weakly semi-log canonical singularities if the pair (X^, D) is log canonical. 

Finally, we define a class of singularities in characteristic zero by reduction to characteristic 
p > 0. See |HR76] . |HH06j and |HW02j for discussions of the process of reduction to 
characteristic p > 0. 

Definition 2.32. We say that (X, A) has dense sharply F-pure type if, after reduction to a 
family of characteristic p > models (Xp, Ap) of (X, A), a Zariski-dense set of those models 
are sharply F-pure. 

3. Uniformly F- compatible ideals 

In this section, we consider ideals of R that are sent back into themselves via every map (or, 
in the case of pairs, a certain collection of maps) F^R -^ R. We call these ideals uniformly F- 
compatible in order to remind readers of the connection with compatibly F-split subschemes 
(ideals) as defined by Mehta and Ramanathan; see |MR 85] and also Definition 12.101 We 
will also see that these objects are essentially dual to the jF(F^(/c))-submodules of Eji{k) as 
defined in |LS01j . We will not rely on Lyubeznik and Smith's of view for the remainder of 
the paper, but we will point out relations as they appear. In particular, some statements in 
the following section will partially overlap with results of |LS01j . 
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Definition 3.1. Suppose R is F-finite and that, (i?, A, a,) is a triple. We say tliat / is 
uniformly (A, a,, F) -compatible if, for every e > 0, every a G ape_i and every i?-linear map 

<j>:F:R{\{p^-1)A])^R, 

we have (j){F^{aI)) C / (equivalently, we can require that 0(F^*^ape_i/) C /). Notice that 
F^{al) C F^R C F^R{\{p^ - 1)A]). If a^ = i? for every i > and A = 0, then we say 
simply that / is uniformly F- compatible. 

Remark 3.2. In the case that A = and ai = R for all i > 0, uniformly F-compatible 
ideals can be thought of as the ideals I <Z R such that every map F^R — > R induces a map 
F-R/I ^ R/L 

Corollary 3.3. // (i?. A, a,) is sharply F-pure and I is uniformly (A, a,, F)- compatible, then 
I defines an F-pure subscheme (and in particular I = \/l). 

Proof. Fix some e > 0, an element a G ape_i and fix a map : F^R{\{p'^ — 1)A]) — > R such 
that 0(a) = 1. We have the following diagram with split rows: 

-FfJ 




This implies that R/I is F-pure, and in particular that / is a radical ideal. D 

Remark 3.4. It might be tempting to try to conclude that {R/I, (a.i?//)) is a sharply F-pure 
pair, but that does not follow since the map in the proof above does not necessarily send 
F^I into /. However, if / is also uniformly F-compatible simply for the ring R (without any 
pair or triple), and {R, o.) is sharply F-pure, then it follows that {R/I, {a,R/I)) is sharply 
F-pure. Similar statements can be made for triples {R, A, a,). 

We also have the following lemmas, which will be useful later. 

Lemma 3.5. Suppose R is F -finite, {R, A, a.) is a triple and that {/j} is a collection of uni- 
formly (A, a,, F)-compatible ideals. Then f^^ Jj and T^ili are uniformly (A, o,, F) -compatible. 

Proof. Fix a map 

ct>:F:R{\{p^-l)A-\)^R. 

First choose x G Hj-^i- Then by assumption, for every a G a.pe_i, we have 0(aa;) G /«. This 
imphes that for an arbitrary (but fixed) a G Ope_i, we have 0(ax) G fli-^i- Likewise, consider 

Xi^+. . .+Xi„ G SJi (where Xi^ G h^). Then 0(a(xj,+. . .+Xi^)) = 0(aXjJ+. . .+(f){ayij G Ej/j 
as desired. D 

It is also not difficult to see that uniformly F-compatible ideals localize well; compare 
with [LSOll Proposition 5.3]. 

Lemma 3.6. Suppose that R is F -finite, I <0 R is an ideal and {R, A, o,) is a triple. Further 
suppose that T G R is a multiplicative system. If I is uniformly {A, a,, F)- compatible, then 
T~^I C T^^R is uniformly (A|spcc T-^ij) {T~^a),, F)-compatible. 
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Proof. Set S = T-^R and set A' = A|spec5- Consider a map i) : F^Silip" - 1)A']) -^ S. 
Since R is F-finite, we know that there exists some map : F^RlKp'^ — 1)A]) -^ R such 
that ip can be represented by -0 where s & T. Fix a G T~^ape_i and x G T^^I and consider 
■0(00;). 

Note that x can be represented as z/t^^ where z & I, t & T and e' = ne for some n. 

u 

Likewise, a can be represented as wju^ where w G Upe.^, u ^ T and e" = me for some 
m. Then ip{ax) = il){w /nP" zji^" ) = ;j^;^'?/'(w2;). But we know that '^{wz^ is identified with 
-(^{wz^ and (/)(u;z) G / by hypothesis. This imphes that ^(ax) G T^^J as desired. 

D 

We also have the following partial converse to the above statement; again compare with 
[LSOTl Proposition 5.3]. 

Lemma 3.7. [LSOlt Proposition 5.3] Suppose that R is F-finite, {R, A, a.) is a triple and T 
is a multiplicative system on R. Let I be an ideal ofT~^R and let us denote by f the natural 
map f : R ^ S = T~^R. If I is uniformly {A\spcc s, {<^S),, F)- compatible, then f~^{I) is 
uniformly {A, a,, F)- compatible. 

Proof. Suppose not; that is, suppose that f^^{I) is not uniformly (A, o,, F)-compatible. 
Therefore let 

ij:F:R\{p^-l)A])^R 

be a map that sends some element x G ape_i/~^(/) C /? C R{\{p'^ — 1)A]) to some element 
z ^ f^^{I). But then, tensoring the map with ®rS contradicts our hypothesis. D 

The same proof also gives us the following statement substituting completion for localiza- 
tion. 

Lemma 3.8. Suppose that R is an F-finite local ring and suppose {R, A, a,) is a triple. Let 
us denote by f the natural map f : R ^ R. If I C R is uniformly (A, a,, F)-compatible then 
f^^{I) is uniformly {A, a,, F)- compatible. 

Lemma 3.9. Suppose that R is an F-finite local ring and suppose that {R, A, a,) is a triple. 
Let I be an ideal of R and let us denote by f the natural map f : R ^ R. If I C R is 
uniformly (A, a,, F)- compatible, then IR is uniformly (A, a,, F)- compatible. 

Proof. Since R is F-finite, notice that Hom/j(F^^i?([(p^ — 1)A]), i?) ^^ R is isomorphic 
to Hom^(Ffi?([(p'^ — 1) A] ),/?). Let {xi, . . . ,x„} be generators for F^I as an i?-module. 
This implies that their images are generators for F^I as an i?-module. But then, it is 
enough to check that for every e > 0, every a G Cipe_i, and every homomorphism G 
Hom^(Ffi?([(p^ — l)A],i?), we have {(f)oF^{xa)){f{xi)) ^ F However, again, we may gen- 
erate F^ (ape_i) as an i?-module, by the images of elements of ape_i, and so we may assume 
that the a above may be taken to be one of these elements. But then it becomes clear that 0o 
F^{xa){f{xi)) C J since the result holds for coming from HomR(Ffi?( I" (j9^ — l)A]),i?). D 

We can also link uniformly F-compatible ideals with Fedder-type criteria (in fact we use 
Fedder's original machinery). We first recall a lemma of Fedder (which was stated in slightly 
more general context originally). Also compare with [LSOll Proposition 5.2]. 
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Lemma 3.10. |Fed83t Lemma 1.6] Suppose that S is an F -finite regular local ring and 
R = S/I. Then, 

(a) iioms{F^S,S) ^ F^S as an F^ S -module. 

(b) Let T be a generator for B.om.siF'^S, S) as an F^S-module, and J an ideal. Let 
X he an element of S . Then the image of F^J C F^S under the homomorphism 
T o FJ^(xx) : F^S ^ S is contained in J if and only if x E (J^^"^ : J). 

(c) There exists an isomorphism (f) : F^'^((/[p''1 : I)/I^^^^) -^ Y{om.R{F^R,R) defined by 
0(s) = T o F^{xs) where T is any choice of an F^S -module generator for the module 
}lomsiF:S,S). 

Proposition 3.11. Suppose that S is an F-finite regular ring and that R = S/L Further 
suppose that o, is a graded system of ideals such that {S, o.) and (-R, o^) are pairs. Let J be 
another ideal containing J. Then J 'Z R is uniformly (o^, F)-compatible if and only if for all 
e > and all a G ape_i we have 

a{&^^ : /) C (J[P^1 : J). 

In other words, J ^ R is uniformly (o^, F)-compatible if and only if for all e > we have 

ape_i(/[P^] : /) C (jIP^l : J). 

Proof. Without loss of generality, we may assume that S is local. Fix T as in Lemma [3.1U[ 
Now suppose that for all e > 0, all a G ape_i we have a{I^P''^ : /) C (jl^''] : J). Note that, for 

every composition (j) : F^R - — s- F^R — ^ R , we can represent a as T o F^{xs) for some 

s G (/[p"! : /). But then (p can be represented by T o F^{xas). But as G (Jf^"' : J), which 
implies that (f) must send F^[J) C F^R into J, and so J is uniformly (a,, F)-compatible. 

Conversely, suppose that J is uniformly (a,, F)-compatible. This means that for all e > 
and all a G a(pe_i) and all compositions 

^..F^y-^F^R^^R 

we have (j){F^J) C J. Pick arbitrary elements s G (/[p"! : J) and a G a(pe_]^), and then consider 
the corresponding which is represented by T o F^{xas). But note that (j){F^J) C J, which 
implies that T o F^{xas){F^J) C J. But then, by Lemma 13.101 we see that as G (j'*'''^ : J). 
This implies that a{&'^ : /) C (jIp'1 : J). D 

Remark 3.12. There doesn't seem to be a way to formulate Proposition 13.111 in a way that 
involves divisors A on R. Note that, since every integral divisor on SpecS* is Cartier, any 
such divisor's contribution can be absorbed into the term a,. On the other hand, some 
divisors on Spec R may not be the restriction of divisors from Spec S. 

Remark 3.13. In particular, by [LSOll Proposition 5.2] we see that uniformly F-compatible 
ideals can be characterized by the fact that they annihilate jF(£')-submodules of E (where 
E is the injective hull of the residue field R/xn). Also compare with Lemma [5.11 Note that 
in |LS01] . the authors consider submodules of E that are stable under the additive maps 
(j)e : E ^ E which satisfy (peirm) = r^" (j)e{m) . We instead consider submodules (ideals) of 
R that are stable under the additive maps i{je '■ R ^ R which satisfy ipelr^^m) = ripeifn). 
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Corollary 3.14. If R is a quotient of an F -finite regular local ring, then the finitistic test 
ideal t{R, o,) is uniformly F-compatible. 

Proof. The proof is the same as in [SchOSj (respectively, |Vas98] ) where the same result was 
shown for t{R, a*) (respectively, for t{R)). D 

4. Centers of F-purity 

In this section, we give the definition of centers of F-purity as inspired by the remarks in 
the introduction. We then link this notion to uniformly F-compatible ideals. 

Definition 4.1. Suppose R is an F-finite reduced ring and that (i?, A,a,) is a triple as 
defined in Subsection 12. 1[ We say that a (possibly non-closed) point P & X = Spec R is 
a center of sharp F-purity for {R, A, a.) if, for every / G PRp, every e > and every 
a G ttpe-i, the composition map 

Rp F^rJ^'-^^F-.Rp F-,Rp{\{p' - l)A|spec/?pl) 

does not split. If A = and a^ = -R for alH > 0, then we simply say that such a P G X is a 
center of F-purity. 

Remark 4.2. As we will see, these notions have the most interesting implications under the 
hypothesis that the triple (i?. A, a,) is sharply F-pure. 

Remark 4.3. In the previous definition, it is equivalent to consider all a G (ape_i-Rp) or all 
f E P. Likewise, it is equivalent to pick f E P instead of / G PRp. 

Remark 4.4. Suppose that (-R, m) is an F-finite F-pure reduced local ring. Aberbach and 
Enescu previously defined the splitting prime of i?, denoted V = Vi^R), to be the set of 
elements c E R such that the map R -^ F^R which sends 1 to c, does not split; see |AE 05J. 
Furthermore, they proved that P is a prime ideal and is compatible with localization at 
primes containing V, see |AE05l Theorem 3.3, Proposition 3.6]. Therefore, by localizing at 
V itself, we immediately see that P is a center of F-purity. On the other hand, suppose 
there was a center of F-purity Q with V (^ Q. Then for c E Q\V, the map R -^ F^R which 
sends 1 to c cannot split (since it doesn't split after localizing at Q). But that is impossible 
since it would imply that c E V. Therefore we see that V is the unique largest center of 
F-purity in (i?, m). 

Centers of sharp F-purity are analogues of centers of log canonicity in characteristic zero. 
The following simple observation gives a certain amount of evidence for this (we will prove 
a generalization of this result in Proposition 16. ip . 

Proposition 4.5. Suppose that R is F-finite and reduced and that {R, A, o.) is a triple. 
Then the minimal primes of the non-strongly F-regular locus of the triple are centers of 
sharp F-purity. 

Proof. Suppose P is such a minimal prime. Since being strongly F-regular is a local con- 
dition, we see that {Rp,A\spccRp, (ci-Rp).) is strongly F-regular on the punctured spectrum 
(that is, except at the unique closed point P) but is not strongly F-regular at P. If P is not 

16 



a center of sharp F-purity, then there exists an / G POx,p and an a G ape_i such that the 
composition 

Rp F^Rp'^^^^F^Rp F^Rpilip- - l)A|specRpl) 

sphts. But this is impossible by Lemma [2.12[ D 

Corollary 4.6. Suppose R is an F-finite domain and suppose that {R, A, a.) is a triple. 
Then {R, A, a.) is strongly F -regular if and only if {R, A, a.) has no proper non-trivial centers 
of sharp F -purity. 

We will prove later that the centers of log canonicity of a pair (X, A) of dense sharply 
-F-pure type, reduce to centers of F-purity for all but finitely many primes, see Theorem 16.81 

Proposition 4.7. Centers of sharp F-purity for (i?, A,o,) are precisely the prime ideals 
that are uniformly [A., a,, F)- compatible. 

Proof. Suppose that P is not a center of sharp F-purity. Then for some / G PRp, some 
e > and some a G cipe_i, the composition 

Rp F^Rp'^^^^F^Rp F:Rp{\{p- - l)A|specHpl) 

splits. The splitting map sends an element of aPRp to 1, and 1 is not in PRp. This 
proves that P cannot be uniformly (A, a,, F)-compatible by Lemma 13.61 The converse is 
similar. D 

Corollary 4.8. Suppose that {R, A, a,) is a triple and that I is a radical ideal that is uni- 
formly {R, A, a,) -compatible. Then the associated primes of I are centers of F-purity. In 
particular, if {R, A, a.) is sharply F-pure, then every associated prime of every uniformly 
(A, 0,, F)-compatible ideal is a center of sharp F-purity for the triple {R, A, a,). 

Proof. Simply localize at the prime in question and then use Lemma 13.71 D 

Corollary 4.9. Suppose that R is F-pure and that P is a center of F-purity, consider 
Z = V{P) as a subscheme of X = Spec-R. Then X is compatibly F -split along Z. 

Proof. Let cj) : F^Ox —>■ Ox be an Ox-module homomorphism that sends 1 to 1. By 
assumption, (j){F^P) C P. Note that in this case we have equality, (f){F^P) = P, since 
(f){xP) = x. D 

Finally, again using this notion of centers of F-purity, we see that the radical of a uniformly 
F-compatible ideal is uniformly F-compatible. 

Proposition 4.10. Suppose that {R,A,a,) is a triple and suppose that I is a uniformly 
{A, a,, F) -compatible ideal. Then a/7 is also (A, a,, F) -compatible. 

Proof. It will be enough to show that the minimal associated primes of / are uniformly 
(A, a,, F)-compatible, since we can then use Lemma [3.51 Therefore, let Q be a prime corre- 
sponding to a minimal primary component of the primary decomposition of /. Notice that 
by assumption ^JIRQ = QRq. There are now two possibilities: 

(i) The first is that IRq = QRq, in which case Q is uniformly (A, a,, F)-compatible by 
Lemmas 13.61 and 13.71 
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(ii) If IRq 7^ Q-Rq, then we see that the triple (-Rg, A|speci?Q, (ci-Rq).) is not sharply 
F-pure by Corollary 13. 3[ which implies that Q is a center of sharp F-purity for the 
triple (_R, A, a,). But then Q is uniformly (A, a,, F)-compatible. 

D 

Using the technique of Fedder's criterion, we can also easily characterize centers of sharp 
F-purity for pairs (i?, a,), see Proposition 13.111 

5. Relations to F-stable submodules of H^{R) and finiteness of centers of 

sharp f-purity 

In this section we will show that there are only finitely many centers of F-purity in the 
case of an F-pure local ring, and give an alternate explanation of why the notions we have 
been considering are very closely related to the theory of F-stable submodules of H^{R) (as 
studied, for example, in |Smi97] ). In fact, it is by applying the machinery that was used to 
study the F-stable submodules of H^{R) by Enescu-Hochster and Sharp that we are able to 
prove that there are only finitely many centers of F-purity for an F-pure pair. 

Lemma 5.1. Suppose that R is an F-finite ring and that {R, A, a,) is a triple. Fix an ideal 
I O R. The following are equivalent: 

(a) / is uniformly {A, a,, F)- compatible. 

(b) For every e > and every a G ape_i and f E I , the composition 

Hom/j(F,^i?( \{p' - 1)A1 ), i?) ^ YlouiR{FtR, Rf^^^RomRiF^R, R) - RomniR, R) = R^ R/I 

is zero. Here the first three maps in the composition are simply Hom/j( , R) applied 

to 

R — - f:r ^^^^ f:r — ^ f:r{ hp^ - 1) a] ) . 

(*) //, in addition, we assume that R is a local ring with maximal ideal m and we use 
Eji to denote the infective hull of the residue field R/m, then condition (c) below is 
also equivalent to (a) and (b). 

(c) For every e > and every a G ape_i and every f E I, the composition 

En/i ^En ^ Er 0r F^R ^*^'"^^ ^ Er 0r F^R Er <^r F,'R{ \{p' - 1) A] ) 

is zero. 

Proof. By the usual application of Matlis duality, it is clear that conditions (b) and (c) 
are equivalent; see for example [Tak04al Lemma 3.4]. On the other hand, / is uniformly 
(A, a,, F)-compatible if and only if for every map (p : F^^i?([(p^ — 1)A]) —>■ R and every 
a G ape_i we have (j){F^aI) C J. But this implies that for any f & I, the image of any 
composition 

R — ^ f:r ^*^'"'^^ : f:r — ^ f:r{ \{p^ - 1) a] ) ^- r 

is contained in J, which certainly implies that the map in (b) is zero. Conversely, if (a) is 
false, then there exists some a G ape_i, f E I and : F^R{\{p'^ — 1)A]) -^ R such that 
(f){af) ^ /. But then the associated composition from (b) is non-zero. D 
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Remark 5.2. Suppose that {R, m) is a quasi-Gorenstein local, A = 0, a^ = i? for alH > and 
/ C -R is an ideal. Also set A^ = Ann^;^ I C E^ = H^{R). Then we see that I is uniformly 
F-compatible if and only if A^ is a F-stable submodule of H^{R). 

This implies that the question of whether there are finitely many centers of F-purity is 
closely related to the question of whether there are finitely many F-stable submodules of 
H^{R). Thus we obtain the following corollary: 

Corollary 5.3. Let R be a reduced local ring. Suppose further that {R, A, a,) is sharply 
F-pure. Then there are only finitely many uniformly {A, a,, F)- compatible ideals /. In 
particular, there are only finitely many centers of F -purity for (i?, A,a,). 

Proof. We have observed previously that uniformly (A, a,, F)-compatible ideals are reduced, 
see Corollary 13.31 and also that they are closed under sum and intersection, see Lemma 
13.51 Proposition 14.81 implies that the set of uniformly (A, a,, F)-compatible ideals are closed 
under taking primary decomposition. But then it follows that there can be at most finitely 
many such ideals by |EH08l Theorem 3.1]. One can obtain an alternate proof using the 
techniques of |Sha07j . D 

Remark 5.4. Suppose that {R, m) is an F-finite local ring and suppose that A^ C H^{R) is an 
F-stable submodule of H^{R). The proof of |EH08t Theorem 4.1] shows that if / = Ann/j A^, 
then I is uniformly F-compatible (they only state that / is "compatible" with splittings, but 
the proof of the general case is the same). In fact, the same proof can be used to show the 
following result (also compare with the proof of Theorem 12.221) . 

Proposition 5.5. Suppose that M is an R-module and {R, A, a,) is a triple. For all e > 
and all a G ape_i, use 0e,a : R -^ F^R{\{p'^ — 1)A]) to denote the map which sends 1 to a. 
Suppose that N C M and that J = Ann^N. Finally suppose that the image of N under the 
map 

7e,a := M® 0,,, : M ^M®nF:R{\{p' - 1)A1) 
is annihilated by F^J for all e and a. Then J is uniformly (A, a,, F)- compatible. 

The argument of the proof is essentially the same as in [EH08i Theorem 4.1], we simply 
generalize it to the context of triples (-R, A,a,). We provide it for the convenience of the 
reader. 

Proof. Consider a map i/j : F^R{\{p'^ — 1)A]) -^ R and note that tp induces a map 

6:M®R F:R{\{p' - 1)A1) ^M^rR = M 

We need to show that ip{F*{<^p'^-iJ)) ^ J = Ann/j(A^). Therefore choose n E N, a E ap^-i 
and X e F^J C F^R C F^R{\{p'' - 1)A]). We note that 6{n^ax) =n0ilj{ax) = ip{ax)n G 
M = M®R. But n (g) ax = (n (g) a).x = e M Or F^R{ ({p"" - 1) A] ) by hypothesis. D 

6. Relations to big test ideals and multiplier ideals 

In this section, we show that big (non-finitistic) test ideals are uniformly F-compatible 
and that the big test ideal is the smallest uniformly F-compatible ideal whose intersection 
with R° is non-trivial. Note that the usual (finitistic) test ideal is uniformly F-compatible 
by |Vas98j or, in the case of pairs (i?, a,), by Corollary 13.141 (compare with |Sch08] . See 
Section 12.21 for basic definitions of big (non-finitistic) test ideals, or see |HY03j or |LS01j for 
an alternate point of view. 
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Proposition 6.1. [ LSOlt Theorem 6.2], |Snii95] Given a triple {R, A, a,), the ideal Th{A, a,) 
is uniformly {A, a,, F)- compatible. 

Proof. By Lemmas 13.61 and 13.71 and the fact that the big test ideal behaves well with respect 
to localization, we see that it is harmless to assume that i? is a local ring. Likewise, by 
Lemmas 13.81 and [3l9] and since the big test ideal behaves well with respect to completion, see 
[HT04J . we see that it is harmless to assume that R is complete. 
We need to show that the composition 

ER/r,{A,a.) -^Er^Er ®R F^R ^^^^ Er ®r F^R -^ Er ®r F^R^ \{p^ - 1) A] ) 

is zero for every e > and every / G rfe(A, a,). But this follows immediately from the 
fact that rf,(A, a.) is made up of big sharp test elements for (i?. A, o.) and that 0^^'°* = 

ER/ri{A,a.)- n 

Remark 6.2. It is natural to ask whether the finitistic test ideal of a triple (i?. A, a.) is 
uniformly F-compatible in the case that A 7^ 0. If one defines t{R, A, a.) to be the ideal 
made up of "test elements for finite modules" for {R, A, a,), then one can use an argument 
similar to the one in Theorem 12.221 to show that t{R, A, a,) is uniformly F-compatible. 
However, if one defines t{R, A, a,) to be Ann^^O*^'"*''^^ then I do not see an easy approach 
to the result. On the other hand, if Kr + A is Q-Cartier then one can use the technique of 
|Tak04bl Theorem 2.8]. 



Theorem 6.3. Given a triple (i?, A,a,), the ideal rb(A, a,) is the smallest ideal which is 
uniformly {A, a,, F)- compatible and whose intersection with R° is non-empty. 

Proof. As above, we may assume that R is local. If the conclusion of the theorem is false 
then by Lemma [3.51 we may assume that there exists some / C Tf,{A, o,) which is uniformly 
(A, a,, F)-compatible and which satisfies lr\R° 7^ 0. This implies that for every e > 0, every 
a G ttpe-i and every f E I H R°, the composition 

Er/j . Er Er ®R F^R ^*^''"^^ . Er ®R F^R Er ^r F^Ri \{p^ - 1) A] ) 

is zero. But this implies that Er/j is contained in the (A, a,)-tight closure of zero in Er. 
However, / = AniiRER/j D Ann/jO^^'"^* = Tfe(A, a,), which is impossible. D 

Corollary 6.4. Suppose that R is a quotient of a regular local ring S by an ideal I and 
denote the projection S -^ S/I = R by it. Further suppose that a, is a graded system of 
ideals of S such that both (S", a,) and {R,a,) are pairs. Gonsider the ideals J that contain 
I and that {J/ 1) fl i?° 7^ 0. Then 7i^^Tf,{R, a,) is the unique smallest ideal of this set which 
also satisfies the property that 

ap.-i(/[^^] : /) C (J[^^] : J). 

for all e > 0. 

Remark 6.5. We note that in the case that R = S, Corollary 16.41 looks very similar to the 
characterization of test ideals given in |BMS08| Definition 2.9]. There, in the context of a 
pair {R, a*) where R is regular, they show that the test ideal is the smallest ideal J such 
that a^*^"^ C jIp"] for all e > 0. On the other hand, in the case that at = R for alH > (but 
R is possibly singular), the characterization of the big test ideal in Corollary 16.41 coincides 
precisely with a criterion given in |LS01] . 
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In the case that R = S, this gives an alternate proof of the following result of Takagi; see 
|Tak06t Proof of Theorem 2.4]. 

Corollary 6.6. Suppose that R is a regular local ring and [R, a,) is a pair. Then r5(a,)*°* = 
R. 

Proof. Use Corollary 16.41 and observe that Tb{R, a,)ape_ilP'' C Tb{R, a,)'^''! for all e > 0. D 

Since test ideals are closely related to multiplier ideals (see |SmiOO] . [HarOlj . |HY03j . 
|Tak04b] ) it is natural to ask whether multiplier ideals (or even multiplier ideal-like con- 
structions such as adjoint ideals, see |Laz04] and |Tak08 J) always yield uniformly (A, F)- 
compatible ideals. As we will see, the answer to this is affirmative. 

Theorem 6.7. Suppose R is a normal domain and a quotient of a regular ring essentially of 
finite type over a perfect field. Set X = Spec R and suppose that {X, A) is a pair such that 
Kx + A is Q-Cartier. Further suppose that n : X ^ X is a proper birational morphism and 
that X is normal. IfG is any effective integral divisor on X such that'n'^,Oji{\K^ — 7T*{Kx + 
A)] + G) is naturally a submodule of Ox (in particular, this happens if G is exceptional) , 
then 7C^Oj^{\Kj^ — it*{Kx + A)] + G) is uniformly (A, F)- compatible. 

The proof uses the same technique as the proof of the main theorem of |HW02] . 

Proof. First note, that we may assume that ti^K^ = Kx (as divisors) and that Kj^ (and 
thus Kx) is an integral Weil divisor. 

Choose a map G B.om.R^F^R^Kp'^ — 1)A]),_R). By using |HW02l Lemma 3.4], we may 
identify with an element / G -R([(l — p^){Kx + A)J). Choose r > to be an integer such 
that t^Kr + A) is Cartier. Thus 

r G R{r[{l-p^){Kx + A)J) C R{{l-p^){r{Kx + A))). 
Therefore we can view /*" as a global section of 

0^((1 - /)7r*(r(irx + A))) C 0^(r[(l - /) V(r(ir^ + A))l). 

Write -TT*{r{Kx + A)) = K^ — T^aiEi (here we mean equality as Q-Weil divisors). Note 
that not all of the Ei are exceptional divisors; some correspond to components of the strict 
transform of A. Also note that Soji^j = K^ — 'k*{Kx + A). Thus, we may view / as a 
global section of 

0^{\{l-p'){K^-^a,Ei)-\) C 0^{{l-p')[K^-^a,E,\) C 0^((l-p^)(i^^- [Ea^E,] -G)), 

which we view as Cjf ((1 - p'')Kx - (1 - p^){\^aiE,^ + G)). By using |HW02l Lemma 3.4] 
in the opposite direction as before, we can view / as some ip in the global sections of 

J^omQSF:0^{{l-p^){\T.a,E^P\+G)),Ox) 
= ^omQSF:Ox{\^a,E,-\+G),0^{\T.a,E,^+G)). 

At the level of the fraction field of R (or simply outside of the exceptional set of vr and 
outside the support of A), and ip induce the same map. Therefore, considering the action 

of ip on global sections, we see that tx^.O ji{\K^ — n*{Kx + A)] + G) = tt^Oj^ ([Saji^^j] + G) 
is uniformly (A, F)-compatible. D 
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In some sense we can view the ideals obtained in this way as a generahzation of centers of 
log canonicity (in particular, any center of log canonicity may be obtained for an appropriate 
choice of G). Also note that all of the ideals obtained this way are necessarily integrally 
closed, but there are test ideals which are not integrally closed. 

In particular, if in a fixed positive characteristic we have a log resolution of (X, A), then 
the multiplier ideal computed from that resolution is (A, F)-compatible. The same argument 
works for adjoint ideals as well since we have a great deal of freedom in how we choose the 
divisor G. We also note, as mentioned above, that for any exceptional divisor £", of tt with 
discrepancy < —1, we can choose G so that \ Kj^ — n* {Kx + ^)] +G > —Ei. Thus we obtain 
the following result. 

Theorem 6.8. Suppose that {X, A) is a pair where X is a variety of finite type over a field 
of characteristic zero. Further suppose that Kx + A zs Q-Cartier. Suppose that Q E X is a 
center of log canonicity corresponding to an exceptional divisor E in some proper birational 
morphism vr : X — > X (or a non- exceptional center as well). Then after generic reduction 
to characteristic p> 0, the corresponding ideals Qp are uniformly {Xp, Ap)-compatible. 

7. Results related to F-adjunction and conductor ideals 

In this section, we prove a number of local geometric properties of centers of F-purity. 
There have been a number of related results in the past, see for example [Vas98j . |Sch08] and 
|EH08l Theorem 4.1]. Many of these results can also be proven directly, using the Fedder- 
type criteria, for sharply F-pure pairs {R, a,) under the hypothesis that i? is a quotient of a 
regular ring. 

Theorem 7.1. Suppose that {R, A, a,) is sharply F-pure. Then any finite (scheme-theoretic) 
union of centers of sharp F-purity for {R, A, a,) form an F-pure subscheme. 

Proof. A (scheme-theoretic) union of centers of sharp F-purity is, by definition, a reduced 
scheme such that each irreducible component is a center of sharp F-purity. Let I denote the 
reduced ideal defining this scheme. Note that / = HiLi -^« where the Pi are prime centers of 
sharp F-purity. But then I is uniformly (A, a,, F)-compatible by Lemma [3. 5[ which implies 
that R/I is F-pure by Corollary 13.31 D 

Remark 7.2. Actually, the same proof shows that the closure of any (possibly-infinite, 
scheme-theoretic) union of centers of sharp F-purity for {R, A, a,) form an F-pure sub- 
scheme. However, we do not know if the set of centers of sharp F-purity for {R, A, a,) can 
be infinite (in the local case, it is always finite as we have shown). 

Corollary 7.3. Suppose (X, A) is a pair over C and Kx + A is Q-Cartier. If (X, A) is 
of dense sharply F-pure type, then any (scheme-theoretic) union of centers of log canonicity 
also has dense F-pure type. In particular, any such (scheme-theoretic) union has Du Bois 
singularities. 

Proof. The main statement is a direct result of Theorem 17. 1[ The statement about Du Bois 
singularities follows immediately from the fact that F-pure singularities are F-injective and 
from [School Theorem 6.1]. D 

Theorem 7.4. Suppose that {R, A, a.) is sharply F-pure. Then any finite (scheme-theoretic) 
intersection of centers of sharp F-purity is a (scheme-theoretic) union of centers of sharp 
F-purity, and so the (scheme-theoretic) intersection cuts out an F-pure subscheme. 
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Proof. This iinmediately follows from Lemma 13.51 Alternately, if i? is a quotient of a regular 
local ring and A = 0, then one can also prove the result using Proposition 13.111 D 

The following proposition shows that centers of sharp F-purity themselves force the exis- 
tence of other centers of sharp F-purity. 

Proposition 7.5. Suppose that {R,A,a,) is a triple and that I is a uniformly (A,a,,-F)- 
compatible ideal. Further suppose that P D I corresponds to a center of F -purity for R/F 
Then P is a center of sharp F-purity for {R, A, a.) as well. 

Proof. Choose an arbitrary e > 0, an element a G ape_i, and a map 7 : F^R{\{p^ — 1)A]) ^ 
R. Since / is uniformly (A, a,, -F)-compatible, we have a commutative diagram 



F!R^^^F!R. 



F^R{\{p^-l)A]) 



F!R/F 



R 



R/I 



where the vertical arrows are the natural maps. Note that there exists a commutative 
diagram 



F^R/F 



f:r/p 

But this gives us a commutative diagram 



i> 



R/I 



R/P. 



F!R ^-^ F!R 



f:r/p 



-^F:Ri\{p'^-l)A]) 



R 



R/P. 



Note that ker(a) = F^P and ker/3 = P, so we see that 'y{F^{aP)) C P, which proves that 
P is a center of sharp P-purity for (P, A, a,) since 7 was arbitrary. D 



Remark 7.6. In the statement of Proposition 17.51 P need not be prime (or even radical), it 
simply must be an ideal containing I which corresponds to a uniformly P-compatible ideal 
of R/F The proof is unchanged. 

Remark 7.7. The converse to the previous proposition is not true. In particular, there exists 
a ring P, an ideal / C P and a prime P D / such that P is a center of P-purity for P but 
that P does not correspond to a center of P-purity for R/F For example, consider the ring 

P = k[a, b, c]/{a^ + aba — 6^) = k[xy, x'^y, x — y] C k[x, y] 

where k is a perfect field of positive characteristic. (Geometrically, this example is obtained 
by taking the two axes in A^ and gluing them together). 

It is easy to see, using Fedder's criterion, that this ring is P-pure; see |Fed83] . The 
singular locus is defined by the height one prime ideal (a, 6). Thus since dimP = 2, the 
ideal (a, b) is a center of P-purity (since strongly P- regular rings are normal). Also note that 
R/{a,b) = k[c\ is regular (and so it has no non-trivial centers of P-purity). On the other 
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hand, I claim that the ideal (a, b, c) is also a center of F-purity. To see this, simply note that 
for any / G (a, b, c), we have that 

f{a^ + abc - b^-' e iaP\F\ (f^) 

for e > simply because of the middle term {abc). 

On the other hand, let Ic be the conductor ideal of R in its normalization R^ = k[x, y]. 
Inside R'^ , the conductor ideal simply cuts out the two axes, that is Ic = {xy). It is 
then interesting to note that the origin {x, y) is a center of sharp F-purity for the pair 
{R'',Ic) = {k[x,y],div{xy)). 

The following corollary is closely related to Kawamata's subadjunction theorem, |Kaw98j . 
Note that we do not need to assume that the ambient ring R is strongly F-regular (the 
characteristic p analogue of Kawamata log terminal). The following result generalizes |AE05t 
Theorem 4.7] to triples {R, A, a,), to the non-local case, and to the situation where R is not 
(necessarily) the quotient of a regular ring. 

Corollary 7.8. [AE051 Theorem 4.7] Suppose that (i?. A, a,) is a triple and P is a center 
of sharp F -purity for {R, A, a,) that is maximal (as an ideal) among the centers of F -purity 
for {R, A, a,) with respect to ideal containment. Then R/P is strongly F -regular. 

Proof. Suppose that R/P is not strongly F-regular, then there exists a prime Q ^ P such 
that Q/P is a center of F-purity for R/P (for example, Q could correspond to a minimal 
prime of the non-strongly F-regular locus of R/P). But then Q is a center of sharp F-purity 
for {R, A, a,) as well, by Proposition 17. 51 contradicting the maximality of the choice of P. D 

Remark 7.9. Note that the previous result is not very interesting unless the triple {R, A, a,) 
is sharply F-pure. This is because in a local ring {R, m) such that {R, A, a,) is not sharply 
F-pure, the maximal height center of F-purity for {R, A, a,) is the maximal ideal. 

Suppose that i? is a ring and R^ is its normalization. Since the height one associated 
primes of the conductor ideal oi R G R^ are among the minimal primes of the non-strongly 
F-regular locus, we see that the intersection of the height one associated primes of the con- 
ductor ideal are uniformly F-compatible. This suggests that we might ask the following 
question: "Is the conductor uniformly F-compatible as an ideal in i??" Something very sim- 
ilar was done in |BK05t Proposition 1.2.5], where they only considered splittings. Therefore, 
for the convenience of the reader, we will modify their proof into our setting. 

Proposition 7.10. Given a reduced F -finite ring R with normalization R^ , the conductor 
ideal of R in R^ is uniformly F-compatible. 

Proof. The conductor ideal / can be defined as "the largest ideal I ^ R that is simultaneously 
an ideal of i?^" . It can also be described as 

/ := AnuR R^/R = {x E R\xR^ C R}. 

Following the proof of |BK05t Proposition 1.2.5], consider G }lom.ji{F^R,R). Notice, that 
by localization, extends to a map on the total field of fractions (which contains R^). We 
will abuse notation and also call this map (p (since it restricts to : F^R -^ R). Now choose 
X G F^I and r G R^ . Then (f){x)r = (f){xr^'') G (f){F^R) C R. Thus (f){x) G / as desired. D 
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One might ask even more generally if every map : F^R -^ R extends to a map on the 
normalization? In particular, if R is F-split, then is its normalization also F-split? This 
second statement is found in |BK05t Exercise 1.2.E(4)], and the proof also implies the first 
statement. 

Proposition 7.11. For a reduced F -finite ring R, every map (j) : F^R —>■ R, when viewed as 
a map on total field of fractions, restricts to a map (j)' : F^R^ —>■ R^ on the normalization. 

Proof We follow the hint for |BK05l Exercise 1.2.E(4)]. For any x e R^ e K{R), we wish to 
show that 0(x) G -R^. First we show that we can reduce to the case of a domain. We write 
R C K{R) = Ki(B- ■ -(BKt as a subring of its total field of fractions. Since each minimal prime 
Qi of R is uniformly F-compatible, it follows that induces a map 0j : F^R/Qi — > R/Qi for 
each i. Notice that the normalization of Speci? is a disjoint union of components (each one 
corresponding to a minimal prime of R), and the ith component is equal to Spec{R/Qi)^ . 
Thus, since we are ultimately interested in 0' restricted to each [R/Qi)^ , it is harmless to 
assume that i? is a domain. 

Suppose that / is the conductor and consider J0(x). For any z E I, z(f){x) = (pi^z^^x) G 
(j)[F^I) C / (notice that z^^x G / since / is an ideal of R^). More generally, z0(x)"* = 
z<p{x){<p{x))^^^ C /(0(a;))™'^^ which implies that I(f){x)^ C I(j)[x)^~^, and so by induction 
/0(x)™' ^ I G R for all ?Ti > 0. This implies that for every c G / C i? we have that 
c0(x)™ E I ^ R. Therefore 0(x) is integral over R by |HS06t Exercise 2.26(iv)]. D 

Remark 7.12. With notation as above, notice that : F^R —>■ R sends 1 to 1 if and only if 
0' : F^R^ — > R^ sends 1 to 1. This is because the two maps agree at the level of the total 
field of fractions. 

If i? is S2 and seminormal (note that F-pure schemes are seminormal) then the conductor 
ideal is radical and height one in both R and R^ , see |Tra70l Lemma 1.2] and |GT80t 
Lemma 7.4]. Thus it follows that the conductor ideal corresponds to a reduced integral 
effective divisor C on X^ = Spec R^ . Now note that if R is F-pure, then some surjective 
map G B.om.j^{F^ R, R) extends to a i?^-linear map 0' : F^R^ -^ R^ by Proposition 
17.111 Since 1 G (f){F^R), we also have 1 G (f)'{F^R^) and so R^ is also F-pure. Since the 
conductor ideal is uniformly F-compatible, 0' restricts to a map 0' : F^Ic -^ Ic- Applying 

Hom^iv(/c, ) we obtain a map 0" : F^R^ {{p^ — 1)C) -^ R^ . In fact, 0" restricts to since 

the two maps agree at the level of the total field of fractions. It follows that the pair (i?^, C) 
is also sharply F-pure. 

Corollary 7.13. Suppose that X is an affine S2 scheme of finite type over a field of char- 
acteristic zero, and suppose that X has dense F-pure type. If Kxn -\-C is Q-Cartier then X 
is weakly semi-log canonical. 

Proof. The proof of this result follows from the main result of |HW02j . One simply reduces 
both X and its normalization X^ to characteristic p > 0. D 

Corollary 7.14. Suppose that {X, A) is a pair of finite type over afield of characteristic zero, 
and further suppose that {X, A) has dense sharply F-pure type. Suppose that W C Spec R 
is a scheme-theoretic union of centers of log canonicity that is also S2. Set W'^ to be the 
normalization of W and set Cw is the divisor corresponding to the conductor on W^ . If 
KiYN + Cw is Q-Cartier then W is weakly semi-log canonical. 
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8. Further Questions 
There are a number of open questions that one can ask about this theory. 

Question 8.1. Is the integral closure of a uniformly F-compatible ideal still uniformly F- 
compatible? What about other ideal closures? 

Question 8.2. Is there a generalization of log canonical singularities (without the normal or 
Q-Cartier hypotheses) and a purely characteristic zero proof of the following? 

Conjecture: Suppose that {X, A) is a log canonical pair. Then any scheme-theoretic union 
of centers of log canonicity is "generalized log canonical" . 

Recent work of Hacon and de Fernex, see |DH08j , gives a definition of normal log canonical 
singularities without the hypothesis that Kx + A is Q-Cartier, so this may be a good place 

to start. 
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